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J. Ferretti1, †
1Center for Theoretical Physics, Sloane Physics Laboratory,
Yale University, New Haven, Connecticut 06520-8120, USA
In this contribution, we discuss the possible importance of continuum-coupling (or threshold)
effects in heavy quarkonium spectroscopy. Our calculations are carried out in a coupled-channel
model, where meson-meson higher Fock (or molecular-type) components are introduced in QQ¯ bare
meson wave functions by means of a pair-creation mechanism. After providing a quick resume of the
main characteristics of the coupled-channel model, we briefly discuss its application to the calculation
of the masses of heavy quarkonium-like χc(2P ) and χb(3P ) states with threshold corrections. We
show that the introduction of pair-creation effects in the Quark Model (QM) formalism makes it
possible to explain the deviations of χc(2P ) states’ masses from the experimental data, without
affecting the good QM description of the properties of χb(3P ) states.
I. INTRODUCTION
The Quark Model (QM) formalism provides a good
overall description of meson and baryon observables, in-
cluding the spectrum (especially the lower-energy part)
[1–7], the open-flavor strong decay amplitudes [5, 8–
14], the nucleon electromagnetic form factors [15–18],
and so on. However, some difficulties emerge when
one moves to higher energies, specifically to higher-
lying meson (baryon) radial excitations. One of the
main problems, both from the theoretical and exper-
imental point of view, is related to the emergence of
exotic candidates. These are mesons (baryons) char-
acterized by an unconventional (non-qq¯/non-qqq) quark
structure and/or non-standard quantum numbers. Some
examples include the X(3872) [now χc1(3872)] [19–22],
X(4140) [23] and X(4260) mesons [24]. From a theo-
retical/phenomenological point of view, the previous ex-
otic meson candidates can be described variously. Some
of the main interpretations include compact tetraquark
states [25–36], meson-meson molecules [37–47], the re-
sult of kinematic or threshold effects caused by virtual
particles [48–58], or hadro-quarkonia (hadro-charmonia)
[59–68]. More precise experimental informations on those
states, as well as a deeper understanding of the quarko-
nium spectrum and its patterns, will make it possible to
rule out those interpretations which are not compatible
with the experimental data [22]. For recent reviews on
exotics, see Refs. [69–71].
In this contribution, we focus on the interpretation of
the previously mentioned X-type exotic mesons as the
result of threshold effects caused by virtual particles. To
do that, we make use of the Unquenched Quark Model
(UQM) formalism with some modifications [68]. The
UQM is an extension of the QM. It makes it possible
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to include the effects of virtual qq¯ pairs in the na¨ıve
QM formalism by means of a qq¯ pair-creation mecha-
nism [8, 9, 48, 72–75]. Above meson-meson thresholds,
the creation of qq¯ pairs from the vacuum is responsible
of the open-flavor strong decays of the meson of interest
[8–10, 12, 14]. Below threshold, it is responsible of the
coupling between the meson of interest and meson-meson
continuum (or molecular-type) components [48, 72, 73].
After discussing our modifications to the “standard” ver-
sion of the UQM, including some extra hypotheses to
make the UQM calculations converge and remove un-
physical results, we show that the introduction of meson-
meson continuum components in the bare wave function
of the meson of interest can provide a non-negligible
correction to the meson energy and the emergence of
significant continuum components in its wave function
[68]. Other possible applications of the previous coupled-
channel formalism are also briefly summarized.
II. UNQUENCHING THE QUARK MODEL
The procedure for “unquenching the Quark Model”
consists in the introduction of higher Fock components
in quark-antiquark bare meson wave functions,∣∣QQ¯〉→ ∣∣QQ¯〉+ ∣∣Qq¯ − qQ¯〉+ ∣∣QQ¯g〉+ ... . (1)
Here, g is a constituent gluon,
∣∣Qq¯ − qQ¯〉 a tetraquark
or meson-meson molecular-type component, and
∣∣QQ¯g〉
a hybrid one. The first step, namely the introduc-
tion of
∣∣Qq¯ − qQ¯〉 components in heavy quarkonium-
like meson spectroscopy, has already been carried out
and some observables have been calculated [48, 49, 52–
54, 57, 58, 72, 76]. For the introduction of
∣∣QQ¯g〉 com-
ponents in quarkonium spectroscopy, see Ref. [77].
If we restrict the extra terms of Eq. (1) to molecular-
type components, in the Unquenched Quark Model
(UQM) formalism the quarkonium-like meson wave func-
tion can be written as
|ψA〉 = N
[
|A〉+
∑
BCℓJ
∫
q2dq |BCqℓJ〉
〈BCqℓJ | T † |A〉
MA − EB −EC
]
.
(2)
2Here, N is a normalization factor, |ψA〉 is the superposi-
tion of a zeroth order quark-antiquark configuration, |A〉,
plus a sum over all the possible higher Fock components,
|BC〉, due to the creation of quark-antiquark pairs with
vacuum quantum numbers. The sum is extended over a
complete set of intermediate meson-meson states, |BC〉,
with energies EB,C =
√
M2B,C + q
2; MA is the physical
mass of the meson A; q and ℓ are the relative radial mo-
mentum and orbital angular momentum of B and C, and
J is the total angular momentum, with J = JB+JC + ℓ.
The symbol T † in Eq. (2) stands for the pair-creation
operator of Refs. [13, 14, 53, 54, 58, 72, 76, 78, 79]. See
also Refs. [73–75]. Below threshold, T † is responsible
of the coupling between a bare meson, |A〉, and meson-
meson continuum components, |BC〉; above threshold,
it is responsible of A → BC open-flavor strong decays,
which proceed via the creation of a light qq¯ pair (with
q = u, d or s) from the vacuum. Given this, in the UQM
the expectation value of a meson observable, Oˆm, on the
quarkonium-like states of Eq. (2) is computed as
〈ψA| Oˆm |ψA〉 =
〈
Oˆm
〉
val
+
〈
Oˆm
〉
cont
, (3)
where
〈
Oˆm
〉
val
and
〈
Oˆm
〉
cont
stand for the expectation
values of Oˆm on the valence, |A〉, and continuum compo-
nents, |BC〉, respectively.
As an example, we describe the procedure to calculate
the masses of quarkonium-like states with self-energy cor-
rections. The physical meson masses are related to the
bare and self-energies via
MA = EA +Σ(MA) . (4)
Here, EA are the bare energies of the meson A, which
have to be computed in a specific quark model; for ex-
ample, we make use of the relativized QM of Ref. [2].
These energies are calculated by considering mesons as
the bound states of a constituent quark-antiquark pair
bounded by one-gluon-exchange forces. Σ(MA) are the
self-energy corrections to the bare meson masses, result-
ing from the coupling between the bare, |A〉, and the
continuum components, |BC〉. They can be written as
Σ(MA) =
∑
BC
∫ ∞
0
q2dq
∣∣〈BCqℓJ |T † |A〉∣∣2
MA − EB − EC
, (5)
where the sum is extended over a complete set of inter-
mediate meson-meson states BC.
One can also calculate the norm of the continuum (or
molecular-type) component of a quarkonium-like state
via [58, 72]
P seaA =
∑
BCℓJ
∫ ∞
0
q2dq
∣∣〈BCq ℓJ |T † |A〉∣∣2
(MA − EB − EC)2
, (6)
where the probability to find the meson in its valence
component, P valA , is given by P
val
A = 1− P
sea
A .
The UQM formalism has been extensively used in the
past to compute both baryon and meson observables,
including the calculation of baryon [79–81] and meson
[48, 49, 53, 54, 57, 58, 72] masses with self-energy cor-
rections, heavy quarkonium hidden flavor strong decays
[58], and the strangeness contribution to the nucleon elec-
tromagnetic form factors [75, 82]. Despite of its merits,
including its simplicity and versatility, the UQM calcu-
lations do not converge quickly. Indeed, it can be easily
shown that, as the tower of meson-meson intermediate
states |BC〉 is enlarged, the contribution of continuum
or sea components to hadron observables keeps growing
larger and larger. Below, we discuss a simple procedure
to “renormalize” the UQM results. More details can be
found in Ref. [58].
III. A COUPLED-CHANNEL MODEL FOR
HEAVY QUARKONIUM-LIKE STATES
After discussing the main features of the UQM for-
malism for mesons [14, 53, 54, 72, 76], here we show
a procedure to “renormalize” it and avoid the produc-
tion of unphysical results [58]. In particular, as a first
step, we give a brief resume of a simple coupled-channel
method to compute the physical masses of quarkonium-
like mesons, MA, with threshold corrections [58]. The
method is based on the UQM formalism, plus the fol-
lowing hypotheses and prescriptions: a) The method is
not used to perform a global fit to the heavy quarkonium
spectrum, but it is applied only to specific meson multi-
plets, like χc(2P ) and χb(3P ); b) Only the closest com-
plete set of accessible SU(N)flavor⊗ SU(2)spin open-flavor
meson-meson intermediate states (e.g. 1S1S, 1S1P or
1S2S) can influence the multiplet structure. The other
(lower or upper) meson-meson thresholds, which are fur-
ther in energy, are supposed to give some kind of global
or background contribution, which can be subtracted; c)
The presence of a certain complete set of open-flavor in-
termediate states does not affect the properties of a sin-
gle resonance, but it influences those of all the multiplet
members. Thus, the net effect of the intermediate states
on a quarkonium-like meson multiplet is similar to that
of a spin-orbit or hyperfine splitting.
A. Threshold mass-shifts
Under the previous hypotheses, the physical masses of
the members of a quarkonium-like meson multiplet are
computed as [58]
MA = EA +Σ(MA) + ∆ , (7)
where EA is the bare mass of meson A, whose value is
extracted from the relativized QM predictions of Refs.
[2, 12, 83]. It is worth noting that here and in Ref. [58],
contrary to the calculations of Refs. [53, 54], the rela-
tivized QM parameters are not fitted to the reproduc-
3TABLE I: Comparison between the experimental masses [22] of χc(2P ) and χb(3P ) states and theoretical predictions from Ref.
[58]. The bare masses, EA, are extracted from the original relativized QM fit of Refs. [2, 12, 83]. The experimental results
denoted by † are extracted from Ref. [83], where the authors used predicted multiplet mass splittings in combination with the
measured χb1(3P ) mass. In the hc(2P ) case, we use the same value for the physical mass as the bare one [2].
State EA [MeV] Σ(MA)−∆ [MeV] M
th
A [MeV] M
exp
A
[MeV]
hc(2P ) 3956 −16 3940 –
χc0(2P ) 3916 0 3916 3918
χc1(2P ) 3953 −65 3888 3872
χc2(2P ) 3979 −30 3949 3927
hb(3P ) 10541 −4 10538 10519
†
χb0(3P ) 10522 0 10522 10500
†
χb1(3P ) 10538 −2 10537 10512
χb2(3P ) 10550 −7 10543 10528
†
tion of the physical masses of Eq. (4). The bare mass
values are directly extracted from the original relativized
QM fit of Ref. [2]. See also Refs. [12, 83]. The second
term in Eq. (7) is the self-energy correction of Eq. (5).
In the case of heavy quarkonium-like states around the
opening of the first meson-meson decay thresholds, the
closest complete set of meson-meson intermediate states
is made up of 1S1S open-flavor mesons. For example, in
the case of the χc(2P ) multiplet, we consider DD¯, DD¯
∗,
D∗D¯∗, DsD¯s, DsD¯
∗
s , D
∗
s D¯
∗
s , ηcηc, ηcJ/ψ, and J/ψJ/ψ
meson-meson components [58].
The pair-creation model parameters, which we need in
the calculation of the 〈BCqℓJ |T † |A〉 vertices of Eq. (5),
were fitted to the open-flavor strong decays of charmo-
nia [53, Table II] and bottomonia [54, Table I]; see also
[14, Table II]. Therefore, for each multiplet, there is only
one free parameter, ∆. This is the smallest self-energy
correction (in terms of absolute value) to the bare mass
of a multiplet member; see [58, Sec. 2] and the following
section.
IV. THRESHOLD MASS-SHIFTS IN χc(2P ) AND
χb(3P ) MULTIPLETS
We calculate the threshold mass shifts of the χc(2P )
and χb(3P ) multiplet members due to a complete set of
ground state 1S1S meson loops, like DD¯, DD¯∗ (BB¯,
BB¯∗), and so on [58]. The values of the bare masses,
EA, are extracted from the relativized model [2], those
of the physical masses, MA, from the PDG [22]. The
self-energy corrections, Σ(MA), are computed according
to Eq. (5), using the same pair-creation model parameter
values as Refs. [14, 53, 54].
In the case of the χc(2P ) multiplet, we get:
Σ(Mhc(2P )) = −119 MeV, Σ(Mχc0(2P )) = −103 MeV,
Σ(Mχc1(2P )) = −168 MeV, Σ(Mχc2(2P )) = −133
MeV. Thus, ∆ = Σ(Mχc0(2P )). In the case of the
χb(3P ) multiplet, we obtain: Σ(Mhb(3P )) = −116 MeV,
Σ(Mχb0(3P )) = ∆ = −112 MeV, Σ(Mχb1(3P )) = −114
MeV, Σ(Mχb2(3P )) = −119 MeV. The values of the cal-
culated physical masses of the χc(2P ) and χb(3P ) multi-
plet members via Eq. (7) are reported in Table I. See also
Fig. 1. It is worth noting that: I) Our theoretical pre-
dictions agree with the data within the typical error of a
QM calculation (∼ 30− 50 MeV); II) Among the χc(2P )
multiplet members, the χc1(2P ) receives the largest con-
tribution from the continuum. This continuum contribu-
tion is necessary to lower the relativized QM prediction,
3.95 GeV, towards the observed value of the meson mass,
3871.69 MeV [22]; III) In the χc(2P ) case, threshold ef-
fects break the usual mass pattern of a χ-type multiplet,
namely Mχ0 < Mχ1 ≈ Mh < Mχ2 ; IV) The threshold
effects are negligible in the χb(3P ) case. Because of this,
we interpret χb(3P ) states as (almost) pure bottomonia;
V) Unlike the χc(2P ) case, the usual mass pattern within
a χ-type multiplet, namely Mχ0 < Mχ1 ≈Mh < Mχ2 , in
the χb(3P ) case is now respected.
FIG. 1: χc(2P ) multiplet: masses with threshold corrections.
Yellow boxes, blue dashed and black continuous lines corre-
spond to the experimental [22], calculated bare and physical
masses, respectively. The calculated bare and physical mass
values are extracted from Table I; see also [58, Fig. 1 and
Table 1].
V. CONCLUSIONS
We discussed the possible importance of continuum-
coupling (or threshold) effects in heavy quarkonium spec-
4troscopy. Our calculations were carried out in a coupled-
channel model, where meson-meson higher Fock (or
molecular-type) components were introduced in QQ¯ bare
meson wave functions by means of a pair-creation mech-
anism. After providing a quick resume of the main char-
acteristics of the coupled-channel model, we briefly dis-
cussed its application to the calculation of the masses of
heavy quarkonium-like χc(2P ) and χb(3P ) states with
threshold corrections. Our results are compatible with
the present experimental data [22].
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